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Sampling

» Continuous signals are digitized using digital computers

» When we sample, we calculate the value of the
continuous signal at discrete points

» How fast do we sample

» What is the value of each point

» Quantization determines the value of each samples
value




C
x(t) is the continuous time signal we wish to sample

Let y(t) = x,(t) = x(t)p(t) be the sampled signal. Then,

() = ylt) = 3 ()t — K1) = 3 2(kT)i(t — KT)
k——n0 k——n0
\
Let w, = be the sampling frequency

Xi(@) = 5 X (@) [y Y 0w — kwy)
Wy 1
= ﬂzk:}((w— kuw,) = ?%:X(w — kwy)

- Note that wb = Bandwidth, thus if w, — wp < wy
(signal overlaps)

To avoid aliasing wy — wp > wWp Or Wy > 2wWp
According sampling theory: w, > 2w;

then aliasing occ

To hear music up to 20KHz a CD
should sample at the rate of 44.1 KHz



Discrete Time Fourier Transform

» In likely we only have access tD% finite amount of data

sequences (after (1) & Z a:(nT)e_j““’T
» Recall for contint n=—0C hen the

signal is samr="'~"
t(nT) = 2[n] Q= T

oo

» Assuming X(Q)= > az[nlern
=—0C

» Discrete-Time Fourier Iranstorm (DIFI):

1

" 2r

f X ()70
2




Discrete Time Fourier Transform

— « 1
X(Q)= > zn]e " r[n] = —
T——0C 2m

f X ()70
2T

» Discrete-Time Fourier Transform (DTFT):

el — EJ(EHETT] . EJEEEJQTT — it

» Afew points
» DTFT is periodic in frequency with period of 2n

» X[n] is a discrete signal

» DTFT allows us to find the spectrum of the discrete signal
as viewed from a window




Example of Convolution

oo

> z[n] = Z zoln — kN| = Z xo[n| * 6[n — EN| = x¢[n] Z §ln — kN]|

>

== k==

yve Can write Xinj (a perlocnc TUﬂCl’.lOﬂ) ds arll mnrinicte suim or
the function x,[n] (a non-periodic function) shifted N units at a

" 2] = moln] % pln] <= Xo(@Q)P(Q) = X(©)

Thiswi Pl k_z_m.:s[rn kN o %kimé(ﬂ S
x@ = X (5 ie-30)
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Finding DTFT For periodic signals

zn], 0<n<N-—1
To[n] =

0. otherwise.

» Starting with xo[n]

o0 N—-1
Xo(@ = 3 walnle ™ = Y wglnle
— =
» DTFT of xo[n]
2 2wk
X(©) = Xo(©) (ﬁgé(ﬂ— =)
2 27k 2k
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=
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=
=
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D TofGiukd@t add-arsform

between 0 and 2x in each
discrete time interval

2. This is different from ® where
it was between - INF and + INF

3. Note that X(Q) is periodic

Table 6-2. Common Fourier Transform Pairs
x[n] X(Q)
d[n] 1
8ln — n,) e /o
x[n]=1 276(Q), |10 <7
g/ on 2w8(Q — Q), QL 1Qel <7
Sin Qon _]77'[8(9_QO)—B(Q+QO)]9|QI7|QOlSW
1 _
u[n] W(S(Q)“*‘—l-t—efjﬁ,lﬂlﬁﬂ
1
—u[—n—l] —7T5(Q)+'1—_—F5,|Q|S7T

a"uln],lal < 1

—a"u[—n—1),]al>1

(n+ Da"uln),lal <1

a,lal <1

1 |n| <N,

dnl=00 >N,

sin Wn

LO< W<
Th

(o 2]

Y. 8ln— kNl
k=—

1
1—ae ®
1
1—ae™®
't
(1 —ae"n)2
1—a®
1 —2acos Q + a?
sin[ (N, + DI
sin( € /2)

1 0<|Ql<W
X(Q)={O wW<|Ql<m
© 2

Q, ¥ 8(Q-kQp),Qg=—
k=—w No



Remember:

For time scaling note that
m>1 - Signal spreading

Table 6-1. Properties of the Fourier Transform

Property Sequence Fourier transform
x[n] X(Q)
x,[n] X,(Q)
x,[n] X,(Q)
Periodicity x[n] X(Q+2m)=X(Q)
Linearity a,x,[n]+a,x,[n] a, X(Q)+a, X,(Q)
Timé shifting x[n —ngl e /X (Q)
Frequency shifting e/ x[n] X(Q-9Qp)
Conjugation x*[n] X*(-Q)
Time reversal x[—n] X(-Q)
; ; if n=km
T 1 = plarm)- 1 X(mQ
ime scaling Xmln] { i oot (mQ)
. . dx(Q)
Frequency differentiation nx[n] ] 20
First difference x[n]—x[n —1] 1-e7MX(Q)
n 1
Accumulation Y, xlk] TX(0)5(Q) + ﬁ;—TnX(Q)
k=—wx .
Ql<m
Convolution x,[nl* x,[n] X, (D) X,(Q)
1
Multiplication x,[nlx,[n] —2——X1(Q) ® X,(Q)
% o

Real sequence

Even component
Odd component

Parseval’s relations

x[n]=x[n] +x[n]

x[n]

x,[n]

o

n=-—w

2 1
Y |x[n]|2=5; fz |X(Q)? dQ

X(Q) =A(Q) +jB(Q)
X(-Q)=X*Q)
Re{X(Q)} =A4(Q)

j Im{X(Q)} =jB(Q)

1
Y x,lnlx,ln]= 5 [Z WXI(Q)XZ(-—Q)dQ

n= —oo




Discrete Fourier Transform

» We often do not have an infinite amount of data which is
required by DTFT

» For example in a computer we cannot calculate uncountable

infinite (continuum) of fre ’ T TTFT
To[n] = z[n|wgn] |
» Thus, we use DTF to look ? a

» We only observe wrln] :{ 317 :T;EI;,};”’N_I

» In this case the xo[n] is just a sampled data between n=0, n=N-
1 (N points)




Discrete Fourier Transform

27k

X[k = Xo(=)

for €2 = ?fTTf“,R: = 0.1..... N — 1. i.e. only look at the N distinct sampled
frequencies of X, (02).

N-1

X[k = znWyk=0.1,---.N—1

» Notethatinth_ ____ w-0__ _ __ ___ _________ . S

the resolution of the samples of the frequency spectrum

is 2pi/N.

XK = Xo@2 =TT k=01 N -1

» We can think —1 - “T:

series = Zﬂ R ST S

N-1

ﬂﬂkn

. z k=01, N—1




A _1_ _ s _ .
Let Wy = e 7% = N root of unity (WY = 1) since W{ = ¢7777 =
You may also write Wy simply as .

Then

N—1

X[k = oWyt k=0,1,---,N—1

n=>0
remember:

N-1 N—-1

Z (E _j_,z,_,wk )n - Z W.‘ﬂn

= ni—=>0




Inverse of DFT

1 N—-1

z[n] = N Z X[EWSE n=0.1,....N =1
k=0

» We can obtain the inverse of DFT

N-1
_ N, I =mn
W.‘nrl[l n) _ ) '
kz::ﬂ N 0, [ #mn

» Note that




Example cf NET

1, n=>0
z[n] = 0, n=1,...,7

1

» Find X[k]

X[k] —E xX[n]Wykn = Zh[n]WJﬂ' 1l Vk
» We know n=0
X[k]

L

7




A o e o

Gwan y[n.] = ﬁ[n— 2] and N = 8, find Y'[£].

Tr[k] — [l:- 'j:- 'l:-j:l 1!- 'j!- 'lﬂ'j]

2
Polar plot for Wn

x[n-ng] E&——— Wy X[k]

Time shift Property

tn — ngpod ~ < Ware X[k




- 1 A o e o

Given z[n| = d[n]+20[n — 1] +36n— 2|+ d[n — 3] and N = 4, find X[k].

Summation for X[K]

3
X[k] = E X[NJW = 14 2Wak + 3Wa + W
n=1i

ek 3=k

X[k]= 1+2e2 +3e7™+¢?




~ 1 _ ol N o W aan o

Find the IDFT of X[k = 1,k =0,1,...,7.

7
x[n] =%Z Wk = %N 8[n] = &[n]

n=1{

X[n]

Remember:




Fast Fourier Trans y, 5 pyws MS

=0

There are approximately N? complex multiplications and additions re-
quired to implement this (N for each value of X|[k]).

If N =29 = 1024, then N? = 2?9 = 10°, a very large number!

However. the FF'T would only require about 5000, a substantial savings
in complexity (the actual calculation is g—r]ng? N.

» Basic idea is to split the sum into 2 subseguerees-of ———
length N/2 and continue all the way downwuntilyou —
have N/2 subsequences of length 2 —————t—




Radix-2 FFT Algorithms - Two
point FFT

Ykl =" y[n]Ws™ = y[0] + Wiy[1]

n=0

j 2 .
_% pr— E_jﬂ_ pr— —1

WEZE

S0 we get, Butterfly FFT

Y[k] = y[0] + (—1)*y[1]

and:

Y[1] = y[0] — y[1]

'WWW.chab.csie.ntu.edu.tw/cml/dsp/training/coding/transform/fft.htmI




General FFT Algorithm

»  First break x[n] into even and odd N-1
X[k =S anjwin
=10
X[k] = Z I[R]Wkn + Z r[n|W
» Let n=2m for even and n=2m+1 for odd neven
» Even and odd parts are both DFT of a N/2 point ¥4 ¥y
sequence X[k] — Z I[Qm]Wﬂmk 4 Z I.'[?m 4 1]Wk|:2m-|-l} —
m=0 m=0 \
N/2-1 N/2-1

ZWN /ka X[2m]+W,, ‘ ( ZWN /2
m=0 m=0

2mk mk
_ _ W =W,
»  Break up the size N/2 subsequent in half by letting

2Zm->m m+N/2 N/2
WN/2 :WNIZmWN/Z :WN/2

»  The first subsequence here is the term x[0], x[4], ...

N 24 - .
The second subsequent is x[2], X[6], .. WN —e 1l = COS(—27Z') — ] Sln(—2 ) =




LeEs)gaan] er%ge example where only two points are given n=0,

N/2-1 » ) N/2-1
X[k]= ZWN/Z X[2m]+W, (ZWN/
WN 2mk :WN/ka

m+N / m
WN/2 e :V\/lemwr\uzl\”2 :WN/2
W, " =e 7 =cos(-27) — jsin(-27) =1

WNN/2 — 1

Xk = 0] = 3 W X[0] W (S WLX[1]) = X{O0] + {1 Sm X0 ><

X[k =1]= iw;’-lx[O] ANf(ino'lx[l]) = x[0]+W,'x[1] = x[0] - x[1] X1




FFT.Algarithms.s.5aURIRL.
FFT

X(,[O] = x[O]

E Xe[o] 1

X [k] »

x[1] = x[2] «

0] = 11 , A0 JL AN
wofl] = 3] o S Ly X0
The general form: FO[ [+1 41 +1 +1 SO

F(1) + - -1 4 || f(1)
F(2) +1 -1 41 =1 |[£(2)
| F(3) +1 4+ -1 —f £ (3)




FFT Alanrithmc -  nnint FFT
x[0] o » o o X[0]
x[4] o2 >.<:: \ : \ };[1]
Lt
x(6] oMo e TSao I SFEDNAVAVAVASSNE)

E VVVV
W A‘A, X[4]

(1< — o LW \
X[5] o mel » X[5]

1 NN\ !
Wi A’ Wi

x[S]H L h‘
x[?]w?" - - Wa

-1 -1

X X(6]




